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A NOTION OF RANK FOR UNITARY REPRESENTATIONS 
OF GENERAL LINEAR GROUPS 
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ABSTRACT. A notion of rank for unitary representations of general linear groups 
over a locally compact, nondiscrete field is defined. Rank measures how singu-
lar a representation is, when restricted to the unipotent radical of a maximal 
parabolic subgroup. Irreducible representations of small rank are classified. It is 
shown how rank determines to a large extent the asymptotic behavior of matrix 
coefficients of the representations. 

I. DEFINITION AND BASIC PROPERTIES OF RANK 

O. INTRODUCTION 

The unitary dual of GLn(F) , F a locally compact nondiscrete field, has been 
classified by D. Vogan [V] in the Archimedean case, and, up to the construction 
of all cuspidal representations, by M. Tadic in the non-Archimedean case. 

Much remains to be done, however, in terms of the study of specific properties 
of the unitary representations involved. The inspiration for this paper comes 
form the following well-known theorem of Howe and Moore. 

Theorem 0.1 [HM]. Let G be a Zariski connected reductive algebraic group over 
a nondiscrete locally compact field F, and let p be a unitary representation of 
dimension greater than 1 such that the center Z of G acts by a character. Then 
the absolute values of the matrix coefficients of p approach zero at infinity on 
G/Z. 

An easy consequence of this is 

Corollary 0.2. In the hypotheses for Theorem 0.1, if N is a subgroup of G 
which is not compact modulo Z , any vector that is invariant under N transforms 
according to a character of G. 0 

In particular if p is irreducible and has a nontrivial N-invariant vector, p 
must be a character. 
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Hence it is possible to deduce a fact about a unitary representation of G 
(whether it is one-dimensional or infinite-dimensional) just by looking at its 
N -spectrum. 

The notion of rank of a unitary representation, first introduced by R. Howe 
[H 1] for symplectic groups, attempts to refine this idea. 

Roughly said, the rank of a unitary representation of GLn measures how sin-
gular a representation is, when restricted to the unipotent radical of a maximal 
parabolic subgroup. 

In Chapter I of this paper, we show that rank is well defined for irreducible 
unitary representations of GLn • 

We then proceed in Chapter II to classify unitary representations of small 
rank. If rankp = k < [nI2] , then p is parabolically induced from the tensor 
product of an irreducible representation of GLn_ k with a character of GLk • 

It is worth noting that such a result is false for symplectic groups [H3]. 
The material in Chapter II is related, in a not readily apparent way, to the 

theory of reductive dual pairs [H2]. 
It turns out that the correspondence () established in §II.3 is the same as the 

oscillator correspondence (between GLn and GLk ) when the character X is 
fixed to be the trivial character. 

The most important results are contained in Chapter III. We give estimates 
on the asymptotic decay of matrix coefficients of representations, based on their 
rank. These estimates refine and quantify Theorem 0.1. 

Theorem III.3.5 is a generalization of the result of D. A. Kazhdan [K] that 
the connected component of the trivial representation of GLn , n ~ 3 , consists 
of characters. It states that for k small enough, the set of representations of 
rank k is both open and closed in GLn • We obtain as a byproduct a new and 
quantitative proof of Kazhdan's result. 

The estimates we give can be usefully compared with some results of Lang-
lands and Zuckerman [Z] on the asymptotics of matrix coefficients of admissi-
ble representations to obtain the nonunitarizability of certain induced (g, K)-
modules [Sal]. 

It is possible to compute the rank of a unitary representation in terms of 
the parameters appearing in the Tadic-Vogan classification, and thus obtain 
information about specific representations that are given in terms of these pa-
rameters. 

This fits in better with the methods of a subsequent paper and we shall do it 
there. 

1. NOTATION 

The category of continuous representations of a locally compact group G, 
with intertwining operators as morphisms, will be denoted by Rep G. The set of 
equivalence classes of irreducible unitary representations of G will be denoted 
by G. We endow G with the Fell topology [Fl]. 

We shall often omit the adjective "unitary" in the sequel. 
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We fix a locally compact nondiscrete field P throughout this paper. Let 
J.l be Haar measure on P. We shall denote by I I an absolute value on P, 
normalized in such a way that if E is a measurable subset of P and x E P , 

(1) J.l(xE) = IxlJ.l(E) . 

The group GLn(P) will be denoted by Gn . 
Let k be an integer satisfying 0 < k < n. Then pt) will denote the 

maximal parabolic subgroup of G n defined by 

(2) pt) = {g E Gn , gij = 0 if i > k and j ~ k}. 

The group pt) is the stabilizer of the span of the first k basis vectors in the 
standard left action of G n on pn . 

The unipotent radical of p~n) will be denoted by Nkn) . Namely 

(3) Nt) = {g E Gn , gij = tJij if i > k or j ~ k}. 

Note that Nkn) is abelian and naturally isomorphic to HomF(pn- k , pk) . 
The Levi component of pt) will be denoted by Lin): 

(4) Lt) = pt) n (Pt))t, 

where t denotes the transpose operation on matrices. Note that Lin) :::= Gk X 

Gn_ k • Also pt) is a semidirect product 

(5) pt) = L~n) ~ Nt) 

and the action by conjugation of Lin) on Nt) becomes the standard action of 
Gk X Gn_k on HomF(pn-k, pk) by pre- and post-multiplication: 

(6) T.(A,B)=A-ITB. 

We shall also denote the parabolic subgroup p~n) n P~'!.!.k by Qin) and its 
unipotent radical by Hkn) • 

We shall omit, for all the groups just defined, the superscript (n) when no 
confusion can arise. 

2. RANK FOR REPRESENTATIONS OF p~n) 

We fix, for the rest of this paper, a nontrivial character XI of P. We can 
now identify (Nkn))/\ with HomF(pk, pn-k) = (Nt))* as follows: if n* E 

Hom(pk, pn-k) and n E HomF(pn-k , pk) , define Xn' E (Nkn))/\ by 

(7) xn,(n) = XI(tr(n* on)). 

The adjoint action on (Nkn))/\ induced by the action by conjugation of Lin) 
on Nt) now corresponds to the standard action of Gk X Gn_ k on 
HomF(pk, pn-k) . 
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In particular the Lin)-orbits on (Nkny, are 

(8) &[ = {n*, n* is a linear transformation of rank /} 

for integers / satisfying 0 < / :5 min(k, n - k) . 
The groups Nkn) and p~n) are well known to be of type I and it is easily 

seen that the &[ are locally closed subsets (Nt))". Hence the extension 1 -+ 

Nkn) -+ Pkn) -+ Lin) -+ 1 satisfies the hypotheses for Mackey theory [R]. 
Let P E Rep Nt) . Write 

(9) P ':::f.jEll mnoXn0 dJ.l(n*) 
(Nt»)· 

for some mUltiplicity function m and some Borel measure J.l on (Nt))* . 
If E ~ (Nt))* is measurable, set J.l;(E) = J.l(E n &;). Then 

(10) J.l = J.lo EEl J.ll EEl ... EEl J.lmin(k, n-k) . 

Also 

( 11) P = Po EEl ... EEl Pmin(k, n-k) , 

where 

p. = jEll m oX 0 dJ.l.(n*). 
I ~). n n I 

(Nk ) 

( 12) 

If P is actually the restriction of a representation of pt) , it is clear that P = 
I . f p(n) Po EEl ... EEl Pmin(k, n-k) a so as a representatIOn 0 k' 

Definition 2.1. A unitary representation P of Pkn) has pure rank r if Pm = 0 
for all m =I- r . 

In particular representations of pt) have pure rank. 

3. THE RANK OF A REPRESENTATION OF GLn 

Definition 3.1. Let P E Rep Gn . We say P has pure Nk-rank if plp(n) has pure 
k 

rank r. 

Theorem 3.2. Let P E Rep G n and suppose P has pure Nk -rank r and pure 
Nrrank s. Then 

(1) If both rand s are :5 min(k , / , n - k, n - /), then r = s. 
(2) If r > min (I , n - /), then s = min(l, n - /) . 

Corollary 3.3. Suppose P E Rep G n has pure Nk -rank for all k. Then 

Nk - rk(p) = min(k, n - k, N[n/2J - rkp). 0 

Hence the subgroup N[n/2J detects "all rank there is". 



A NOTION OF RANK FOR UNITARY REPRESENTATIONS 353 

Proof of Theorem 3.2. Let ¢: A -t B be a morphism of abelian groups. Then 
we have an adjoint map ¢: Rep B -t Rep A given by ¢( 1t) = 1t 0 ¢. Note that 
¢ maps jj to A. If J.l is a measure on jj, ¢*(J.l) is a measure on A. If 
1t E Rep B has spectral measure fi, then ¢( 1t) has spectral measure ¢ * (fi) . 

Let Z = Nk n N[. Then Z is a normal subgroup of Pk n PI. It can be 
identified naturally with HomF(Fmin(n-k,n-/) , Fmin(k,[)). As in §1, Z can be 
·d t·fi d ·th Z* - H (Fmin(k,l) Fmin(n-k,n-I)) I en I e WI - omF , • 

The injections ik: Z -t Nk and i/: Z ---+ NI induce projections Pk: N; ---+ Z* 
and PI: N; ---+ Z*. Under our identifications these correspond to the maps 
lk: Nk ---+ Z and ll: Ni ---+ Z defined above. 

The PknPI orbits on Z* are ~' for 0 ~ t ~ min(k, I, n-k, n -I), where 

(13) &: = {z *, the rank of the linear transformation z * is t} . 

Note that there is only one quasi-invariant measure class on &}k) , the Pk-
orbit in N; consisting of linear transformations of rank k, namely the class 
of Lebesgue measure. 

Hence the spectral measures fik and fil of pIN and pIN are (equivalent 
k I 

to) respectively Lebesgue measure on ~(k) and ~(l) • 
Suppose r ~ min(k, I, n-k, n-/). If n* E &r(k) , then certainly rk(pkn*) ~ 

r. Furthermore the condition for rk(hn*) < r is that n* satisfy a set of 
nontrivial polynomial equations. Hence the set {n* E ~(k) , rk(pkn*) < r} has 
Lebesgue measure zero in &r(k). Analogously, if r > min(k, I, n - k, n - I) , 
almost all Pkn* lie in &~in(k,l,n-k,n-/). We see that 
( 14) 

{ Lebesgue measure on &; if r ~ min(k, I, n - k, n -I), 
(Pk)*(fik) = diY' . Lebesgue measure on ('7 min(k, I, n-k, n-/) otherwIse, 

and analogously for (PI)*(fil). 
The spectral measure plz must be (equivalent to) both (h)*(fik) and 

(PI) * (fil)· This clearly implies the theorem. 0 

Definition 3.4. Suppose that p E Rep G n has pure Nk -rank for all k . Then the 
N[n/2(rank of p is called the N -rank of p and denoted by rk p . 

Lemma 3.5. Let p E Rep G n. Then the following are equivalent. 

( 1 ) P has pure Nk -rank zero for some k. 
(2) p has N-rank zero. 
(3) p is a direct integral of characters of G n . 

Proof. (3) implies (2) since all characters of Gn have the form xodet for some 
character X of F X , the group of nonzero elements of the base field, hence are 
trivial on N[n/2J. (2) implies (1) trivially. It follows easily from Corollary 0.2 
that (1) implies (3). 0 
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The preceding lemma is essentially a restatement of Theorem 0.1. It can be 
seen as a particular case of the following theorem. 

Theorem 3.6. Let P E RepGn and let pl p{ = Po EEl··· EEl Pmin(/,n-t) ' be the 
decomposition of pip into subrepresentations of.fixed Nt-rank. Let ~ be the 

{ 

representation space of Pk' Then for every k, ~ is p( G n)-invariant. In partic-
ular if P is irreducible, P has pure Nk -rank. Thus we have the decomposition 

( 15) Gn = U (Gn)k' 
O$;k:::;[n/2j 

where (G n) k is the set of irreducible representations of G n of N -rank k. 

An essential part of the proof will be a knowledge of the representation theory 
of the Heisenberg group Hin) = Nin) N~~I' Write Hin) = {(x, y, z), X E 
( n-2)* F n- 2 F} d' F , Y E , z E correspon mg to 

The center of Hi n) is Z = {(O, 0, z)}. We have 

Theorem 3.7 (Stone-Von Neumann [VN]). Bin) can be described as follows: If 
P E Bin), Z acts by a character X. Then 

(1) If X is the trivial character, P is a character of Hin) jZ ::::: F 2(n-2) . 
(2) Let X be a nontrivial character of Z. Then there is exactly one repre-

sentation Px in Bin) with central character X. Let X = {(x, 0, On. 

Then P x can be realized on L 2 (X) by the following formulae: 

( 16) 

(px(x, 0, O)f)(x') = f(x + x'), 

(px(O, y, O)f)(x') = x(x'Y)f(x') , 

(px(O, 0, z)f)(x') = x(z)f(x'). 0 

Proof of Theorem 3.6. We shall prove, by induction on n, that ~ is p(Gn)-
invariant if k < min(l, n - I) . 

If n = 2 or 3 the only possible case is k = O. The required result is Lemma 
3.5. 

Now let n > 3. If k = 0 we are again done by Lemma 3.5. If I = 1 or 
n - 1, k = 0 is the only possible case, so we may assume 1 < I < n - 1. In 
this case PI and QI = PI n Pn- I generate Gn , so that it is sufficient to prove 
that ~ is p(QI)-invariant. We have the Levi decomposition 

(n) (17) Q I = M r>< H , 

where M::::: F X x Gn_ 2 x F X • 



A NOTION OF RANK FOR UNITARY REPRESENTATIONS 355 

We examine the representation theory of QI' The action of QI on Z, 
the dual of the center Z of H~n) , has exactly two orbits: {trivial character} 
and Z-{trivial character}. The action is the standard action of GI x GI on 
HomF(F, F). Fix a nontrivial character XI of Z. Let 

(18) J = {g E QI' gil = gnn}' 

Then J = stabQ1 (XI) and [R] tells us that Ind~1 is an equivalence of categories 
between the category of representations of QI with no Z-invariant vectors and 
the category (Rep J) I of representations of J which restrict to a multiple of 
XI on Z. 

Theorem 3.7 tells us there is exactly one irreducible representation PI of 
H~n) which restricts to a multiple of XI on Z. 

It is very easy to check that PI extends to the representation WI of J defined 
as follows: Let MI = J n M , 

( 19) 

Then 
(20) 

Define 

MI = {diag(a,A,a), aEF x ,AEGn_ 2}· 

(21) (wl(a, A, a)f)(x') = lal(2-n)/2IdetAII/2f(a-Ix'A) 

and 
(22) 

Again [R] says that _®WI is an equivalence of categories between Rep MI 

and (Rep J)I . 
In conclusion, if P E Rep Gn has no Z-invariant vectors, then plQ ~ 

Ind~ r ® WI and the structure of pl Q is the same as the structure of r. By 
induction, riG satisfies the theorem. It suffices to show that if riG has 

11-2 • "-2 

pure rank, then P also has pure rank and rk P = rk riG + 1 . 
• -2 

To this end we analyze the spectrum of piN' The group NI is a normal 
I 

subgroup of PI n QI' The action by conjugation of PI n QI on NI induces a 
map PI n QI -+ GI X Gn_l • The image of PI n QI is pi') X P~~~~I . The group 
p?) is the stabilizer in GI of Fe l and P~~~~)I is the stabilizer in Gn_1 of 
~_I_I = span{el+I ·· ·en_ I }· 

The (GI x G n-I )-orbit &'k ~ N; decomposes under the action of pi') x P~~~~ I 
into the following orbits: 

(23) 

&'k,-,i = {n*, rkn* = k, n*(el ) = 0, dim(Imn* n ~-1-2) = i}, 
&'k,*,i = {n*, rkn* = k, n*(el ) f. 0, n*(el ) E ~_I_I' 

dim(Imn* n ~_I_I) = i}, 

&'k,+,i = {n*, rkn* = k, n*(el ) ¢ Vn_ I_ I , dim(Imn* n ~_I_I) = i}. 
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Write r as a direct integral of irreducible representations of M. Almost all 
representations appearing in the direct integral decomposition of r have pure 
rank equal to that of riG when restricted to Gn_ 2 • The functor Ind9_®Wl 

.-2 
preserves direct integrals so we an assume r to be irreducible. 

/\ ~x In this case r = 7r ® X where 7r = rI G._ 2 and X E (Ml /Gn _ 2 ) = F . Let 

(J = Ind91 7r ® X ® WI . 
Since we can choose representatives for J\Ql which centralize M l , the 

Mackey decomposition theorem [M2] shows 

(24) 

The orbit &'k, _ , k in Nt consists of those characters of N, which factor to 
N,nGn _ 2 • Hence the Nrspectral measure of 7r is concentrated on &'rkn _ rkn' 

We next want to show that Ind91 WI has spectral measure concentr~ted on 
&'1, +,0' Indeed, first consider WI . If g E N, ' write g as 

r 
I 

I 

x 

I 
z 

1 
(25) 

B Y 
g= 

0 I 

If x' EX, write I (XI' x2 ) with E (F'-l)* , (Fn-'-l)* Th X = Xl X 2 E . en, 
with obvious notation, 

(26) (WI (X, y, Z, B)f)(x i ' X2) = Xl (Z)X I (X2' y)f(x, xlB + X2 + X). 

Let U be the operator consisting of the Fourier transform with respect to x2 . 

Precisely, if ~ denotes an (n - I - 1 )-column vector, then 

(27) (Uf)(Xl'~) = [.-1-1 f(x l , X2)Xl(-X2~)dx2' 
Then it is easy to compute that 

-I 
(28) (Uw I (x, y, z, B)U ¢)(XI'~) = Xl (Z)X l (X1Y)X l (xlB~)XI (X~)¢(Xl'~)' 

We have just written WI as a direct integral 

(29) 

where 
(30) 

Under our identifications X ~ corresponds to the matrix [~XI ~] which lies in 
XI" ,XI ~ 

&'1,+,0' 

We now turn to the effect of Ind91 on the Nrspectrum of a representation. 
Let v E Rep J and let 

(31 ) 
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We have 

(32) 

If (n, P) E F x x F x , set 

(33) * [n n . (n, P) = 0 0]-1 * [I 0] 
I n 0 P . 

Let J.l' (n, P) and m n • . (n, P) be induced by this action. Let d(n, P) be 
Lebesgue measure on (Fx x FX)/diag. Then Mackey decomposition [M2] tells 
us that 

(34) (Ind~l v)I N = l E9 rE9 mn • . (n, P)Xn.d(J.l· (n, p))(n*)d(n, P). 
, (F x xFx)/diag J N( 

This discussion, applied to v = WI' shows that the N,-spectral measure of 
Ind~l WI is concentrated on &'1, +,0 . 

Finally we show that the spectral measure of a = n ® X ® Ind~ W is concen-
trated on &;h+I' Indeed &'1, +,0 + &;.k 11, _, rk 11 is Zariski open (hence of total 
measure) in &;.k 11+ I . 

Let n' and nil be two representations of N,. Consider the (outer) tensor 
product n' ®n" of n' and nil . This is a representation of N, x N,. Its spectrum 
is the Cartesian product of the spectra of n' and nil . Taking the inner tensor 
product amounts to taking the restriction to the diagonal of the outer tensor 
product. If diag: N, -+ N, X N" let diag*: Nt x N7 -+ Nt be the adjoint map. 

We have 
(35) 

Hence 

(36) diag*(&'I, +,0 x &'rkl1, - ,rkl1) = &'1,+,0 + &;'kl1, - ,rkl1' 
This concludes the proof of Theorem 3.6. 0 

II. CLASSIFICATION OF REPRESENTATIONS OF SMALL RANK 

1. IRREDUCIBILITY PROPERTIES 

The main result of this section is 

Theorem 1.1. Let p, p' E (Gn)k' k < [nI2), and I ~ k. Then HomG (p, p') = 

HomQ,(n)(p, p'). In particular plQ, is irreducible and if p ~ p', th~n plQ, ~ 
P'I Q,' so that restriction to Q, defines an injection (Gn)k -+ Qin) . 

Before passing to the proof, we wish to discuss a certain representation of 
G2 . We define wi2) E Rep G2 as follows: Its representation space is L2(F2) 
and if g E G2 , f E L2(F2) and x E F2 , we define 

(1) (w;2\g)f)(x) = I det gll/2 f(xg). 
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Le 1 2 () H ( (2) (2)) H ((2) (2)) mma .. a omG WI ,WI = omQ(2) WI ,WI . 
2 I 

(b) Let A. and t be characters of G2 . Then if A. =F t, the intersection of the 
spectra of A. ® W~2) and t ® W~2) has zero measure in both spectra. In particular 
HomG (A ® w~2) , t ® W~2)) = {O} . 

2 

Proof. For the purposes of this proof we abbreviate G2 to G, Qi2) to Q, and 
W~2) to w. Let N be the unipotent radical of Q and A its Levi component. 
Also, let Z denote the center of G. If we apply the Mackey theory of repre-
sentations of group extensions [R] to Q = A ~ N we obtain that the irreducible 
representations of Q are: 

(a) characters of A; 
(b) Ind~N X ® XI' X E Z , XI a fixed character of N. 

In particular, if p E Rep Q and pIN is equivalent to the regular representa-
tion of N, then p is irreducible. 

Also note that 

(2) 

As a measure space, F2 := F2 - {O}. G acts transitively on F2 - {O}. The 
stabilizer of (0, 1) is 

(3) 

Hence, as homogeneous spaces, F2 - {O} := S\G and W can be viewed as 
the regular representation of G on L 2(S\G). We have 

G ( 4) W = Inds 1 s ' 
where Is denotes the trivial representation of S. We break up the induction 
in two stages: 

(5) 

Let 

(6) 

Then it is easy to see that 
Q (7) Inds Is = Is ® regularG,· 

The regular representation of G' breaks up as a direct integral over all char-
acters. Since induction commutes with direct integrals, we have 

(8) t fJ G 
W = h'x IndQ (ls ® X) dX· 

To prove (a) it will be enough to show that Indgls ® X is irreducible when 
restricted to Q (this will also give the spectral decomposition of w) and that 
the Indg 1 s ® X are distinct when restricted to Q. 
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Let w = [? b]. Then the double coset QwQ has total measure in Q\G/Q. 
Note that QW n Q = A. 

The Mackey decomposition theorem [M2] says that 
G Q W (9) (IndQ Is ® x)I Q = IndA (Is ® X) IA • 

We have 

( 10) 

and it is clear (for example from Mackey decomposition again) that (Ind~ X ® 
I G, )IN is equivalent to the regular representation of N. Hence Ind~x ® I G, is 
irreducible. Finally 

(11 ) 

so that already the (Ind~ X ® IG, )Iz are distinct. Statement (a) is proved. 
As for (b), as remarked earlier, (8) gives the spectral decomposition of (j). 

~ ~ ~x 

If A. is a character of G, then A. is of the form A. 0 det for some A. E F . It is 
then clear that 

( 12) 

It is well known that if a, p, 'Y, 6 E fix , then Ind~ a ® p ~ Ind~ 'Y ® 6 if 
and only if a = y and P = 6 or a = 6 and P = 'Y [W, BZ]. 

Hence the intersection of the spectra of A. ® 6 and A.' ® (j) consists of only 
one point and Lemma 1.2 is proved. 0 

We now pass to the proof of Theorem 1.1. We have to show that any Qt-
morphism of p and p' also intertwines the G n -action. If k = 0, p and p' are 
characters (Lemma I.3.5) and the conclusion of the theorem is obvious, since 
characters of G n are all distinct on Q, for any I. 

From now on, suppose k > 0 . 
We shall use the notation developed in the proof of Theorem I.3.6. We shall 

also write 

( 13) 

( 14) A = {g E J, gij = 6ij if (i, j) -I- (1, 1) or (n, n)}. 

The proof of Theorem I.3.6 shows that under our assumptions on the rank 
of p, 

( 15) 

where the X 's are considered as characters of A, Vx E Rep Gn _ 2 , ,and 

( 16) rk v x = rk p - 1 . 
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We can also write 

( 17) 

with the analogous stipulations. 
Suppose first k = I = 1. This forces n ~ 4. Also rkllx = 0 so that lIx is a 

direct integral of characters. Hence we can write 

(18) plQ = r® r~ . n). xA®Xdjl(A, X). 
I J(Gn _ 2 )o®F®' 

I claim that jl is actually concentrated on a single line A = constant. Indeed, 
write the representation space Jf' of p as 

(19) Jf'= r~ ~dp(A) 
J(Gn _ 2 )o 

corresponding to the decomposition of (Gn - 2 )0 x pX along the lines A = con-
stant. This decomposition is QI-invariant. 

Let 

(20) (;2 = {g E Gn , gij = ~ij unless (i, j) = (1, 1), (1, n), (n, 1), (n, n)}. 

Note that (;2 commutes with Gn - 2 • We claim that the Gn_ 2-spectra of the 
representations p). on the ~ are disjoint (apart from sets of zero measure). 
This will be proved below. 

Hence the decomposition (19) is also (;2 -invariant. Since (;2 and Q I gener-
ate G n ' the decomposition is G n -invariant. But we are supposing p irreducible. 
Hence Jf' = ~ for some A and jl is concentrated on one line. 

It is easy to see, for example from the Mackey decomposition theorem [M2], 
that, since we can choose representatives for J\QI that centralize Gn- 2, 
(21 ) 

Hence 
(22) 

with A E (Gn- 2)0. Analogously, 

(23) P'IG = 00;.' ® WI. 
n-2 

If AI-;.' , by our previous claim that the Gn _ 2-spectra of A®WI and t ®wI 
are disjoint, HomGn_2 (p, p') = {O}. Hence HomQ1 (p, p') = {O} and there is 
nothing to prove. So from now on, suppose that A = t . Let 

(24) Q;2) = Q;n) n (;2 . 

Since G2 and Q\n) generate Qn' it will be enough to show that 

HomQ(n)(p, p') £:;; HomO' (p, p'), 
I 2 

or even HomQ(2)(p, p') £:;; HomO' (p, p'). 
I 2 
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Since n ~ 4 we can conjugate (;2 into a subgroup of Gn_ 2 by an element 
of G n. Let W\2) be as defined in (1). Then it is clear from (1.21) that 

I (2) (25) w, 'G = oow, . 
2 

Also, A E (Gn- 2)o is of the form ~odet for some ~ E pX . Then AI'G = ~odet 
2 - m I for the same A. We conclude that pl'G = OOA. ® w, = p I'G . 

2 2 

Now Lemma 1.2(a) implies HomQ(2)(p, p') = Hom'G (p, p'), which is what 
I 2 

we had to show. 
To conclude the proof of the case k = I = 1 we must verify our claim that 

the Gn _ 2-spectra of the p;. are distinct. 
We know that p;.IG = OOA. ® w, (equation (22)). Since the spectra of 

.-2 
OOA.®wd'G and OOA.®w,I'G are already disjoint ((25) and Lemma 1.2(b)), the 

2 2 
claim is true. 

Finally, we prove by induction the general case. Recall that we had the 
decomposition (15) with rkvx = rkp - 1. By induction on n we can assume 
that 

(26) 

Consider the group M = (F x x F X )H, . It acts on ii, by conjugation and 
we have 

(27) 

The representation P, can be extended to JnM via the restriction to JnM 
of the representation w, of J . 

Theorem 8.4 of [R] implies that for X E A, Ind1nMx ® w, = X ® Ind~Mw, 
is irreducible. Observe that since J n M\M = J\Qin) , we have Ind1nMw, = 

(Ind~lw,)IM = riM. We can obviously extend X ® riM to the representation 
X ® r of Qin ). Since M is normal in Qin) , Theorem 8.4 of [R] says that 
r ® X ® _ is an equivalence of categories between the category of representations 
of Qin) which restrict to a multiple of X ®rlM and Rep(Qin) 1M) = Rep Gn_ 2 • 

In other words 

For the same reason, 

(29) 

Hence by (26) 

(30) 
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Let T E HomQ, (p, p') ~ HomQ,nQI (p, p'). Then T E HomQ1 (p, p') so 
that T E HomQ1 (p, p') n HomQ[ (p, p'). Since Q I and Q[ generate G n' T E 

HomG (p, p'). This concludes the proof of Theorem 2.1. 0 
n 

2. THE MAP e 
We have seen that restriction defines an injection (Gn)k -+ G;n) if I ~ k. In 

fact much more is true, as we shall see in this section and the next. 
Let p E (Gn)k and k < [nI2]. Then plQk is still irreducible (Theorem 2.1). 
We examine the representation theory of Qk • The center Z of the unipotent 

radical Hk of Qk is isomorphic to ~ , the additive group of k x k matrices. 
Fix a nontrivial character X I of F . Any character of ~ is of the form X lOA 

for some A E Lk* . We identify ~* with ~ by setting, for A, B E ~ , 

(31 ) A A (B) = trace(AB) . 

The action of Qk on ;;;; induced by conjugation becomes, under these iden-
tifications, the usual action of Gk x Gk on ~ by pre- and post-multiplication. 

Hence orbits are, for 0 ~ I ~ k , 

(32) &: = {AA' rank(A) = I}. 
If A E Lk* , ker A is a normal subgroup of Hkn) . If A has rank k, Hdker A 

is a Heisenberg group with center LdkerA.. Let a E Hk • Then alz is a 
multiple of a character. If this character happens to correspond to a functional 
A of rank k, a factors to HklkerA.. The Stone-Von Neumann theorem [VN] 
says that there is a unique irreducible representation of HdkerA. with any 
fixed nontrivial central character. Hence, for any A E &~ , there is a unique 
irreducible representation p;. of Hk which restricts to Xl 0 A on Z. 

If we write 

(33) Hk={(x,y,z), xELk ,n_2k' YE~-2k,k' ZE~} 

corresponding to the block decomposition 

[ ~ ; ;], 
001 

(34) 

and we set X = {(x, 0, O)}, then p;. is realized on L2(X) by 

(P;. (x, 0, O)f)(x') = f(x + x'), 
(35) (p;. (0, y, O)f)(x') = X I (A(X' y))f(x') , 

(P;.(O, 0, z)f)(x') = Xl (A(z))f(x'). 

Let i: Lk -+ Nk be the natural injection of abelian groups. If p E Rep Nk' the 
Lk -spectral measure of p is the image of the Nk -spectral measure of p under 
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the adjoint projection i*: N; -+ Lk* . If P E (Gn)k' its Nk-spectral measure is 
Lebesgue measure on the orbit &'k ~ N; . 

Hence p obviously has vI4 -spectral measure concentrated on &'~ . The trace 
functional on Lk has rank k . Denote it by tr. Qk acts on ilk by conjugation. 
Note that 

stabQk (Ptr) = stabQk (tr) 

= J = {g E Qk' gij = gi+n-k,j+n-k for all 1 :5 i, j:5 k}. 
(36) 

Let 

(37) ~r = {r E J, rlH is a multiple of ptr }. 
k 

Theorem 1.1 of [R] says that Ind~k is an equivalence of categories between 
the category of representations of Qk which live on &'~ and the category of 
representations of J which restrict to a multiple of P tr on H k • 

Since pl Qk is irreducible, pl Qk = IndJk r for some r E ~r. 
One can easily check that Ptr extends to J in the following way. The Levi 

component of J is the group 

(38) M= {[~ i ~l' AEG" BEG._2k }. 

The representation cotr of M acts on L2(X) and is given by 

(39) ( wtt [~ i ~ 1 f) (x') = I det AI(2H}/21 detBI'/2 f(A- 1 x' B) . 

We shall denote by cotr the representation of J which is Ptr on Hk and 
cotr on M. 

Again [R, Theorem 8.4] tells us that pl Qk = Ind~k cotr ® v with v E M = 
(Gk X Gn_ 2 )f'I . ,. ~,~ 

Hence v is of the form v = a ® v wlth a E Gk , v E Gn- 2k . The same 
argument as in the proof of Theorem 1.3.6 now shows that 

(40) rkv' = rkp - k = 0, 
I ~x so that v is actually a character, hence of the form X 0 det for some X E F . 

Thus if p E (Gn)k' 

(41 ) 

Theorem 2.1 says that p ~ plQk is an injection and Mackey theory says that 
plQk ~ (a, X) is an injection. 

We summarize the discussion as follows: 
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Theorem 2.1. Let k < [nI2]. There is an injective map (): (Gn)k -> Gk x fix 
such that if (}(p) = (0', X), plQk = Ind~kwtr ® 0' ® X 0 det. 

3. CLASSIFICATION OF SMALL REPRESENTATIONS 

We shall now show that the map () constructed above is a surjection and 
give an explicit construction for the inverse of (). This will give a classification 
of representations of small rank. 

As a byproduct, we shall obtain the irreducibility of certain induced repre-
sentations of G n • 

To simplify notation, whenever X E fiX , we shall denote the character xodet 
of G n simply by X. If X is a character of G nand p E Rep G n ' we denote by 
X P the representation X ® P of G n' Finally if p E Rep G k and 0' E Rep G, ' 
we denote by p x 0' the representation of G k+' obtained by extending the 
representation p ® 0' of Gk x G, trivially to p~k+l) and then inducing up to 
Gk+,· 

With this notation we have 
~ ~x 

Theorem 3.1. Let k < [nI2], 0' E Gk , X E F . Consider X as a character of 
Gn- k . Then x-tO' x X E (Gn)k and the maps () and (0', X) -> x-tO' x X are 
inverses. 

Corollary 3.2. (Gn)k = {r x X, r E Gk , X E (Gn-k)o}' 

Corollary 3.3. The representations r x X of Gk+" with r E Gk and X E (G,)o' 
are irreducible whenever I ~ k . 
Note. A slightly more general result than Corollary 3.3 was proved, by com-
pletely different methods, by S. Sahi [Sal]. The irreducibility of all represen-
tations of the form r x 0', with r, 0', unitary would follow from Kirillov's 
conjecture that all irreducible unitary representations of G n stay irreducible 
when restricted to pin) . The conjecture has been shown to be true for F non-
Archimedean by J. Bernstein [B] and for F = C by S. Sahi [Sa2]. 
Proof of Theorem 3.1. Because of Theorems 1.1 and 2.1 it is sufficient to show: 

(1) x-tO' x X has pure rank k. 
(2) x-tO' x XIQk := Ind~k wtr ® 0' ® X. 

In fact, it suffices to prove (2) because Ind~k wtr ® 0' ® X has pure N,-rank 
k if k < I ~ [nI2]. This follows from equation (40) in §3. Statement (1) can 
also be proved directly by means of the Mackey decomposition theorem [M2]. 
We omit the details. 

We begin the proof of (2) by applying the Mackey decomposition theorem 
to the groups Gn , Pk ' Qk' 

There is one double coset of total measure in Pk \GnlQk ' a coset represen-
tative of which is the element w of G n given by 

(42) w ij = <>i,n+t-j' 
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We denote by M the group 

(43) M~p:nQk ~ m ~ m 
k 

Here * denotes any matrix of the right size, subject to the stipulation that the 
element of ~ which we obtain is invertible. 

The representation (X -I Cl ® X) W is a representation of M as in the diagram 

(44) 

Hence we must prove 

( 45) Ind~ (X ® X -I Cl) ~ Ind~k wtr ® Cl ® X . 

We shall do this by finding explicitly an intertwining operator between the two 
representations. 

Note that 

(46) 

In the rest of the proof we shall denote Qk by Q and Nn- k by N. Also 
denote X ® X -I Cl E Rep M by (j and Ind~(j by n. 

It is clear that restriction to N defines a unitary bijection between the rep-
resentation space ~ of nand L2(N;~). Elementary computations show 
that in this realization of n on L 2 (N; ~) 

(47) (n(mu)f)(uo) = (j(m)f((uo· m)u)~N(m)I/2 . 

Here uo· m = m-1um and ~N denotes the modular function for the action of 
M on N. 

Let now !T: L 2 (N ; ~) ---> L 2 (N* ; ~) be given by Fourier transform. In 
other words 

(48) (!Tf)(v) = tX1((U, v))f(u)du; 

then n' = !T n!T- 1 is equivalent to nand 

(49) (n'(mu)f)(v) = ~N(m)I/2(j(m)XI ((u -I . m -I , v))f(v. 1m -I). 

Here V· I m denotes the transpose action of M on N* . 
Let us now turn to the other representation involved. Let ( = wtr ® Cl ® X E j 

and v = Ind~ ( . 
The representation space ~ of v is the space of functions f: Q ---> J!( 

which satisfy 
(1) for all j E J and q E Q, f(jq) = ((j)f(q); 
(2) the function q 1-+ Ilf(q)11 is in L2(J\Q, dlJ,), 
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where f-l is some quasi-invariant measure on J\ Q. Set 

A(qo, q) = (d(f-l' q)/df-l)(J qo)' 

Then the action of Q on ~ is given by 

(50) 

We fix f-l as follows: If 

(51 ) 

set 

(52) [
ZW- 1 0 0] 

s(J q) = 0 I 0 . 
o 0 I 

We take f-l to be the preimage under s of Lebesgue measure on ~ . 
It is easy to see that if q is given by (51), then 

(53) -k k 
A(qo, q) = I detZI I det WI . 

We shall denote A(qo' q) by /).'(q). Let V':~ -+ L2(J\Q, df-l; Ji() be given 
by restriction to s(J\Q) followed by s*. V' is a unitary bijection, so that if 

, V' V,-I ,. . 1 If - J d fi /I = /I , /I is eqUlva ent to /I. qo = %, e ne 

(54) 

Then it is easy to compute 

(55) /I' (q)f(7io) = /).' (q)I/2((j(7iO' q)f(qoq). 

Let 

[A 0 0] 
7io = o I 0 . 

o 0 I 
Then 

j(7jo' m) ~ [~ 
AX i] [W X 0] Y if m = 0 Y 0 

0 o 0 I 
and 

j(7jo'u)~ [~ 
0 Ai] [lOR] I if u = 0 IS. 
0 o 0 I 

We have ~' = L2(Lk' ~ @L2(X)) and ~I = L2(~* X S*,~), where 

(56) X~W r m 
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and 

(57) S ~ W ~ ;]}. 
We identify ~* x S* with ~ x X via 

(58) ((A,e), [~])=tr(AR+e'1)' 
where A E ~, e EX, R E L k , '1 E S . 

The Hilbert spaces ~I and ~I are canonically isomorphic. Indeed linear 
combinations of vectors of the form F(A) = f(A)g ® v with f E L2(~), 
gEL 2(X) , v E ~ are dense in ~I • 

Analogously linear combinations of vectors of the form g(A, e) = f(A)g(e)v 
with f E L 2(Lk*) , g E L2(S*) and v E ~ are dense in ~I • 

The canonical isomorphism consists of identifying F(A) and G(A, e), using 
identification (58). 

Let m, u be as above. Then we calculate 
(59) 
(v' (m)F)(A) = I det Zlk / 2 1 det Wl k/2X(Y)(wtr(Z , Y, AX)g)®a(Z)vf(Z-1 AW) 

and 

(60) (v' (u)F)(A) = wtr(AR, S) ® vf(A). 

We then wish to calculate the transpose action of M on ~* x S* under our 
identification. We obtain 
(61) (A, e) . tm = (ZAW- l , -ZAW- l Xy- l + Zey-l). 

Finally we compute 

n' (m)G(A, e) = I det Wlk/ 21 det ZI(n-k)/2 1 det y1k/2X(W)X(y)X(Z)-1 
(62) 

. a(Z)vf(Z-IAW)g(Z-IAX + z-leY) 
and 

(63) (n' (u)G)(A, e) = Xl (tr( -AR - eS))G(A, e). 

Comparison of (59), (60) with (62), (63) (see also (35), (39)) shows that the two 
representations are realized by "almost" the same formulae. The only discrep-
ancy is the factor X(W)X(Z)-l which appears in (63) and not in (60). This 
can be eliminated easily, however, by use of the unitary operator Tx: L 2 (~) --. 

L2(~) given by 

(64) 

This concludes the proof of Theorem 4.1. 0 

The computations in the proof are carried out in detail in [S]. 
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III. ASYMPTOTICS OF MATRIX COEFFICIENTS 

1. NOTATION AND BASIC NOTIONS 

Let G be a locally compact group with center Z . Fix a compact subgroup 
K of G. If P E Rep G and u, v are in the representation space of p, denote 
by ¢u v the matrix coefficient 

(1) ¢u,v(g) = (p(g)u, v). 

Definition 1.1. Suppose p E Rep G with representation space Jf'. Suppose 
further that Z acts by a character (this is always true if, for example, p happens 
to be irreducible). We say p is an LP(G/Z)-representation if there exists a 
dense subspace '!I of Jf' such that I¢u, v I E L P (G /Z) whenever u, v E '!I . 

Now let p E Rep G have representation space Jf'. Write 

(2) Jf'=EB~, 
I1EK 

where K acts on ~ by a multiple of f.l. 

Definition 1.2. Let p E Rep G and let <I> be a nonnegative function on G 
satisfying 

(3) -I 
<I>(g) = <I>(g ) , 

whenever g E G, k l , k2 E K, Z E Z . Let '¥ be a function on k. We say p 
is (<I>, ,¥)-bounded if whenever f.l, 1/ E k and u E ~, 1/ E ~ 

(4) l<I>u v(g)1 ~ <I>(g)'¥(f.l)'¥(1/) Ilullllvll· 

Proposition 1.3. Suppose p is (<I>, ,¥)-bounded and <I> E LP(G/Z). Then p is 
an LP(G/Z)-representation. 0 

While the definition of (<I>, ,¥)-boundedness is more cumbersome that the 
definition of L P -ness of representations, it is easier to work with for our pur-
poses. We give two lemmas which will be useful later. 

Lemma 1.4. Let p = f: ax df.l(x). Then p is (<I>, ,¥)-bounded if and only if 
ax is (<I>, ,¥)-bounded for almost all x. 

Lemma 1.5. The set of (<I>, ,¥)-bounded representations is closed in Rep G (with 
respect to the Fell topology). 

The proofs are easy and left to the reader. 
We now specialize these notions to the case of general linear groups. We shall 

write En = {g E Gn , gij = 0 if i > j}, the Borel subgroup of upper triangular 
matrices, and An = {g E G n' gij = 0 if i ::j:. j} , the maximal torus of diagonal 
matrices. 

We shall denote by Kn a maximal compact subgroup of Gn as follows. If 
F = R, Kn will be the group O(n) of orthogonal matrices. If F = C, Kn will 
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denote the group U(n) of unitary matrices. If F is non-Archimedean and &' 
is its ring of integers, Kn shall denote the group GLn(&') of matrices whose 
entries lie in &' and whose determinant is invertible in &' . 

We have the Iwasawa decomposition Gn = BnKn. 
Let P be any subgroup of Gn containing Bn. Let a E RepP be realized 

on ~ . Because of the Iwasawa decomposition, Ind~n a can be realized on the 
space Jr of functions u from Kn to Ko satisfying 

( 1 ) u is measurable, 
(2) If P E Kn n P , then u(pk) = a(p)u(k) for all k E Kn . 
(3) lIu(k)11 E L2(Kn np\Kn , J1,), where J1, is the unique Kn-invariant mea-

sure on Kn n P\Kn • 

Let k: Gn ---+ Kn and b: Gn ---+ Bn be measurable functions such that for all 
gE Gn 

(5) g = b(g)k(g). 

Then a formula for Ind~n a is 

(6) 
G , , 1/2' , ((Indp" a)(g)u(k ) = )"(k ,g) a(b(k g))u(k(k g)), 

where 

(7) ).,(k' , g) = d(~~ g) (k') . 

Note that ).,(k', k) = 1 for all k E Kn . 
It is easy to check that u E Jr is Kn-invariant if and only if u(k) = 11 for 

all k E Kn with 11 a Kn n P-invariant vector in ~. Let Un be the unipotent 
radical of Bn , i.e. the group 

Un = {g E Bn , gii = 1 for all i} . 

The torus An acts on Un by conjugation. Let l:+ be the set of positive roots 
with respect to this action: 

(8) l:+ = {a: A ---+ F X , 3u E Un - {l} s.t. ua = a(a)(u - I) + I}. 

The positive Weyl chamber in An' denoted by A; , is 

(9) A; = {a E An' la(a)1 ~ 1 for all a E l:+}. 

It is very easy to make the above explicit: 

(10) l:+ = {aij' i > j}, 
where 

(11 ) 

so that 

( 12) 
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It is easy to check that the Radon-Nikodym derivative of the action of G n 

on Kn n En \Kn is given by 

( 13) )"(k', g) = JB (b(g)), 
• 

where JB ' the modular function of En' is the group morphism En --. R+ 
determin~d by 

JB (a) = II la(a)1 for a E An ' • ( 14) aE1:+ 

JB (u) = 1 for u E Un' 
• 

Let r denote the trivial representation of En' Up to multiples, there is 
a unique Kn-invariant vector u in Ind~' r, given by u(k) = 1. Its matrix 
coefficient En' called the Harish-Chandra'spherical function, is given by 

(15) En(g) = 1 J 1/ 2(b(kg)) dk. 
K. 

Proposition 1.6 [HC, Si]. There exist constant c1 ' c2(e) such that for all a E A; 
and e > 0 

( 16) 

We have the Cartan decomposition Gn = KnA;Kn' 

Proposition 1.7. Baar measure on Gn with respect to the Cartan decomposition 
is given by 

( 17) 

where A(a) is a positive function on A; satisfying 

(18) dl(t)JB (a)::; A(a)::; d2JB (a) 
• • 

for all a E {a E A;, la(a)1 ~ t for all a E ~+} and for some constants d2 and 
d l (t) with d2(t) > 0 if t > 1 . 

For the proof, see e.g. [W]. 

Corollary 1.8. If P E Rep G n is (E~, ,¥)-bounded for some r > 0 and some '¥, 
then p is a L2/r+e(Gn/Z)-representationfor all e > O. 

Finally, we state an important result we shall need in the sequel. 

Theorem 1.9. The regular representation).. of Gn (and hence, by Lemma 1.5 
any representation in the closure in Rep G n of {)..}) is (En' dim Il )-bounded. 

For the proof, see [HI]. 

2. RESTRICTING REPRESENTATIONS 

Definition 2.1. Let 1= {ii' ... , ik } ~ {I, ... , n} with i l < i2 < ... < in' The 
standard embedding cP] of Gk in Gn corresponding to I is the injection such 
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that the map from Fk to F n given by ej - ei . for j = 1, ... ,k intertwines 
} 

the standard action of Gk on Fk and the action of Gk on F n induced by ifJ[. 

Theorem 2.2. Suppose p E Rep Gn has pure rank k # n12. Then for any 
standard embedding of Gk+l , pIG is (Sk+I' dimJ.l)-bounded. If k = nl2 (in 

k+1 
particular n is even), pIG is (Sk' dimJ.l)-boundedfor any standard embedding 

k 

of Gk · 

Note. It is easy to see from the definition of r50 in Proposition 1.6 that Sk ~ 
Sk+IIG . Hence the result for k = nl2 is weak~r than the others. 

k 

This does not arise from a defect in the proof, but from an actual feature of 
representation theory of G n ' namely the existence of the complementary series. 

Let Xo be the nonunitary character of p~2k) which is trivial on Nk2k ) and 
given by 

(20) aER, 

on the Levi component of pFk) (which is isomorphic to Gk x Gk). 

It is well known [St] that Ind~:k Xo can be ··unitarized" if -! < a < ! ' giving 
rise to a family of unitary representations of G2k , called the complementary 
series. 

These representations are easily seen to have rank k (for example this follows 
from the results of Chapter II). 

It is also easy to see that Ind~2k X IG are not (Sk+I' ,¥)-bounded for any 
k 0 k+1 

'II, thus giving a counterexample to the possible cleaner version of Theorem 
2.2. 

The rest of this section is dedicated to the proof of Theorem 2.2 
First of all, since all the images of standard embeddings of G k+ 1 (respectively 

Gk ) are conjugate, it is clearly enough to consider the case I = {I, ... , k + I} 
(respectively I = {I, ... , k}). 

First suppose k # n12. Consider the subgroup Pk~l. We want to analyze 
representations of P~~I of rank k from the point of view of their restriction 
of Gk+ l • 

We identified Nk+1 with HomF(Fk+I, Fn-(k+I»). Let 

(21) r = {subspaces of Fn-(k+I) of dimension k}. 

Gk+1 acts on HomF(Fk+1 , Fn-(k+I») by right multiplication. Hence the Gk+1 
X Gn_(k+I)-orbit &'k in Nk+1 decomposes into the Gk+l-orbits 

(22) &'V = {T E HomF(Fk+1 , Fn-(k+I») , 1m T = V} 

as V varies in r. Hence if p E RepPk+1 has rank k, 

(23) pIG = (11 Pv dJ.l(V). 
k+1 lr 
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The Pv are all isomorphic. Indeed Gn_(k+l) acts transitively on rand 
commutes with Gk+I. 

Since (<I>, ,¥)-boundedness is preserved by direct integrals (Lemma 1.4) it 
will be enough to prove (Sk+I' dim ,u)-boundedness for a single pv. To fix 
ideas, let 

(24) V = span{ek+2 , ••• , e2k+I }. 

Let T: ej 1-+ ej+k+1 for 1 :::; i :::; k and T(ek+ l ) = O. Then T E &'v. Let 

(25) S = stabG (T) = {g E Gk+ l , gj]. = OJ]. unless j = k + l}. 
k+1 

Theorem 1.1 of [R] says that any unitary representation of Gk+1 Nk+1 whose 
spectral measure is concentrated on &'V is induced from a representation of 
SNk+1 whose restriction to Nk+1 is a multiple of the character XT correspond-
ingto T. 

Since SNk+1 is a semidirect product, XT extends to SNk+1 via the trivial 
representation of S. Again [R] says that 

(26) Pv = (J ® XT 

for some (J E RepS. Using the Mackey decomposition theorem [M2] it is easy 
to check that since Gk+1 \Gk+1 Nk+1 ISNk+1 has a single element, 

G N G (27) (Ind k+1 k+1 (J ® x)1 = Ind k+1 (J. 
SNk+1 T Gk+1 S 

In conclusion, we must show that (J E RepS, Ind~k+1 (J is (Sk+I' dim,u)-
bounded. This can be shown directly. However, it is easier to check this is true 
by using a few general facts. 

Since S:::: F X xFk is solvable, (J is weakly contained in the regular represen-
tation of S [Wg]. Since induction is a continuous functor [F2], Pv = Ind~k+1 (J 

is weakly contained in the regular representation of Gk+ l • Theorem 1.9 now 
implies the required estimate. 

The case where k = nl2 is considerably easier. The group Gk now acts 
simply transitively on the orbit &'k ~ Nk . Again [R] shows that 

(28) 1 I dGnNk 
P GkNk = n Nk nxv 

for any Xv E &'k and some n E N U {oo}. Again, since Gk \Gk Nk INk has a 
single element, 

(29) 

which is a multiple of the regular representation of Gk • Again Theorem 1.9 
implies the desired estimate. 0 

3. ESTIMATES 

We wish to use Theorem 2.2 to prove estimates on the matrix coefficients of 
representations of a fixed rank. Our main result will be: 
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Theorem 3.1. Suppose p E Gn satisfies: pIG is (Sk' ,¥)-bounded for some 
k 

function 'I' on Kk . Write n = qk + r with q E Nand 0 ~ r < k. If x is an 
integer define 

"'( _ { x 2 if x is even, 
'I' x) - 2 

x-I if x is odd. 
Let 

( k) = ~ ¢(qk) + ¢(r) 
en, qk-l ¢(n) 

Then for all e > 0, p is (S~(n, k)-e , ~ )-bounded for some function '1': on Kn' 

Corollary 3.2. Under the hypothesis and notation for Theorem 3.1, p is an 
L 2/(e(n, k)+e (G nIZ)-representation. 

Proof. Combine Theorem 3.1 and Corollary l.8. 0 

When we combine Theorem 3.1, Corollary 3.2 and Theorem 2.2 we obtain: 

Theorem 3.3. Suppose p E Rep Gn has pure N-rank k. If k =F n12, then p is 
('1«n,k+I)-e, '¥:)-bounded and is an L2/e(n,k+I)+e(GnIZ)-representation. 

If k = n12, then p is (S~(n,k)-e , '¥:)-bounded and is an L2/e(n,k)+e(GnIZ)_ 
representation. 0 

When r = 0 (or n = 2k - 1) , Theorem 3.1 gives a much cleaner form for 
e(n, k), namely e(n, k) = (k - 1)/(n - 1). There are strong reasons to believe 
this estimate to be valid for all n, k and not just when k divides n. For one, 
the full power of the hypothesis is not quite used in the proof of Theorem 3.1 
when r =F O. Furthermore, explicit calculations (e.g. for GL5 (R)) show that 
the sharper estimate should be valid. Our theorem is not too far off, though. It 
is easy to see that in the worst case (;. = k - 1), e (n, k) is about 20% smaller 
than (k - 1)/(n - 1). 

We formally state 

Conjecture 3.4. Theorem 3.1, hence Corollary 3.2 and Theorem 3.3, are valid 
with e(n, k) replaced by (k - 1)/(n - 1). 

We now prove Theorem 3.l. Proposition l.6 related the asymptotics of Sn 
and the modular function J B • During the proof we shall actually compare the 
various J B 's instead of the S's. Let a j be the j th simple root: 

(30) j=l,oo.,n-l. 

Then it is easy to compute 
n-I 

(31 ) J - II I I'(n-I) Bn - a, . 
'=1 

The proof shall proceed in steps. 
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(a) First suppose n = 2k . If j = 0 or 1, let 

(32) I j = {i, 0 < i ~ n, i = j (mod 2)} 

and GV) = 4>[(Gk ) (Definition 2.1). 
J 

We shall use superscripts (J) for the images under 4>[ of all the objects 
J 

d fi d · I· G ( -(J) K(J) ) e ne m re atlOns to k e·g·::..k , k ' etc. . 
By hypothesis, plG(j) is (S~) , 'f)-bounded for j = 0, 1 and some '¥. Propo-

k 

sition 6.3 of [HI] now implies that pldO)xdl) is (SkO)Skl ) , 1jI)-bounded for some 
k k 

function IjI on (KkO) x Kf))". (It is well known, see e.g. [H4], that Gn and 
Kn satisfy the hypotheses of this proposition.) A;(O) x A;(l) contains A; . We 
define a function 4> on Gn by letting it coincide with SkO) Ski) on A; and 
making it invariant by right and left translations by Kn. 

I claim p is (4), '¥')-bounded for some function '¥' on Kn. Let f.l be a 
Kn-type. As a representation of KkO) x Kkl ), f.l = €a mif.li ' a finite direct sum 
of irreducible representations of KkO) x Kkl ) . Define 

(33) 

If a E A;, U is of type f.l, and v is of type v, then write U = L: ui ' 
V = L: v j corresponding to the decompositions f.l = €a mif.li' v = €a n jVj of 
f.l, v into KkO) x Kkl)-types. Then 

I(p(a)u, v)1 ~ L I(p(a)u i , v)1 ~ 4>(a) L IIUillllvillq/(f.l;)'P(Vj) 
(34) i ,j i ,j 

It remains to compare 4> and Sn . Proposition 1.6 states that on A; , 

(35) t5-1/2 <"::' < ()t5- 1/ 2+e 
C I Bn - ..... n - c2 e Bn 

and 

(36) 

for appropriate constants cI ' c2 (e), c3 ' c4 (e) . Hence to finish the proof of step 
(a) it suffices to show 

(37) t5 -t5 t5 >t5(k-I)/(2k-l) 
S - BtO) B2) - Bn • 

Write t5s as a product of simple roots: 

n-I 

(38) t5s = II 1t5/J • 
j=1 
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It is easy to compute 

(39) { 2p(k - p) 
Sj = p(k-p)+(p+ 1)(k-p-1) 

if j = 2p, 
if j = 2p + 1. 

The maximum of (n - j)jjSj for j = 1, ... , n - 1 occurs for j = 0, 
2k - 2 and is (2k - 1)j(k - 1). We are comparing J and JB in the region 

S n 
{a, laj(a)1 ~ 1}, so this is enough to prove (37). This concludes the proof of 
step (a). 

(b) We now apply the same method to the case n = qk, q arbitrary. If 
j = 0, ... , q - 1 , set 

(40) I j = {i, 0 < i ::; n, i == j (mod q) } . 

We use superscripts (j) in the same way as in step (a). The same argument 
as in that step shows that we have to compare 

(41 ) 

with JB . We must show 
n 

( 42) 

If 0 ::; i < j ::; q - 1 , let 

( 43) 

and 

(44) 

where 

( 45) 

By step (a) 

q-l 

Js = II JBU) 
j=O k 

J > J(k-l)/(qk-l) 
s - Bn • 

G(iUJ) ~ (G) 
2k - 'f'[U[ 2k' 

I } 

(46) J < J(k~I)/(2k-l) 
lJ - lUJ • 

As we take the product of (46) over al pairs i, j the left-hand side yields 
J;-l . As for the right-hand side, it is easy to see that as we take the product 
each positive root appears only once, except for the roots in G~) for some i. 
These appear q - 1 times. Hence 

(47) Jq-l > (J . J q- 2 )(k-l)/(2k-l) 
s - Bn s ' 

which is equivalent to (42). 
(c) Now suppose n = k+r and plGk is (2k' \{I)-bounded. If Gr is embedded 

in Gk in any standard way, it is clear from 1.6 and (31) that 

( 48) 
1 ': I .. -2(k-l)/(r-l)+e 

~k A+ < vB . , , 
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Hence for u, v in the dense subspace of Kk-finite vectors, <jJu v E L2(G,/Z). 
Hence piG, can be embedded in ooregG,/z. Since (cI>, ,¥)-boundedness is 
clearly preserved under taking direct sums and subrepresentations, Theorem 
1.9 shows that pIG is (S" dim,u)-bounded. 

Let ' 

(49) I={[(k-r)/2]+2u, U= 1, ... , r} 

and let J be the complement of I in {I, ... , k + r}. Define 

(SO) 

and 

(SI ) 

The same argument as in step (a) shows that we have to prove 
(S2) ~ = ~_ ~_ > ~(<p(k)+<p(,))/<p(n) 

S Bk B, - Bn ' 

and again the estimate will be proved if we can show that if 
n-! 

(S3) ~s = II lat, 
j=! 

then 

(S4) (n - i)i < <jJ(n) 
Sj - <jJ(k) + <jJ(r) . 

One can compute that if n is even, then 

(SS) Sj = i(k - i) if i ~ (k - r)/2, 

(S6) 

{ 
-!(k2 - (r - 2U)2) + (r - u)u if i = (k - r)/2 + 2u, 

Sj = -!(e _ (r - 2U)2) + (r - u - 1)(u + 1) if i = (k - r)/2 + 2u + 1 

when (k - r)/2 ~ i ~ (k + 3r)/2 and 

(S7) Sj = (k + r - i)(i - r) if i ~ (k + 3r)/2. 

On the other hand, if n is odd, 

(S8) sj=i(k-i) ifi~(k-r+l)/2 

{ 
-!(k2_(r-2u-l)2)+(r-u)u ifi=(k-r+l)/2+2u, 

(S9) Sj= -!(k2 -(r-2u-l)2)+(r-u-l)(u+l) 

if i = (k - r + 1)/2 + 2u + 1 

when (k - r + 1)/2 ~ i ~ (k + 3r + 1)/2 and 

(60) sj=(k+r-i)(i-r) ifi~(k+3r-l)/2. 
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Elementary techniques now show that the maximum of (n - i)ils; occurs at 
i = [nI2] and is ¢(n)/(¢(k) + ¢(r)) . This proves step (c). 

(d) Finally let us prove the general case. For any standard embedding of Gqk 
in Gn , pIG will be (E(qk-l)/(k-l)-e, ,¥)-bounded for some '¥ by step (b). The 

qk 

same argument as in step (c) shows that for any standard embedding of G, into 
Gn , pIG is (E" dim,u)-bounded, hence certainly (E~qk-l)/(k-l)-e, dim,u)-
bounded~ Now exactly the same computations as in step (c) give the desired re-
sult, since in the proof of step (c) we just compared E-functions. This concludes 
the proof of Theorem 3.1. 0 

Our last result shows how rank may be used to derive information about the 
topology of G n • 

Theorem 3.5. Let k :5 (n - 2) I 3 and n > 2. Then the set (G n) k of represen-
tations of N-rank k is both open and closed in Gn . In particular, for n > 2, 
Gn has (a property closely related to) Kazhdan's property (T). Namely, the 
connected component of the trivial representation in G n consists of characters. 
Proof. Since restriction defines a continuous map from G n to Rep N[n/2J ' it is 
obvious that U/<k(Gn)1 is closed, so that it is enough to prove that under our 
assumptions (G~)k is open. This is equivalent to showing that if p E (Gn)k 

and (J is a direct integral of representations in (Gn )/, I > k, then p is not 
weakly contained in (J. 

Define a representation wm of Gm as follows: the representation space of 
wm is L2(Fm). If g E Gm and f E L2(Fm), we define 

(61) (wm(g)f)(x) = I detgI 1/ 2f(xg). 

Then it is obvious that under any standard embedding of G/ in G m ' 

(62) 

The proof of Theorem 1.3.6 shows that if r E Gm , rkr < [mI2], then riG 
m-2 

is a direct integral of representations of the form v ® wm _ 2 ' with rkv = 
rkr - 1. 

An inductive argument that uses this fact and (62) shows that under our 
assumptions on p, 

(63) ®k pIG = OOWn_2k • 
n-2k 

Since n - 2k ~ k + 2, again by (62), 
®k 

(64) pIG = OOWk+2 • 
k+2 

A straightforward calculation shows that w:/ is (Em' ct»-bounded exactly if 
I ~ m - 1 . Hence pIG is not (Ek+2' ct»-bounded. 

k+2 
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On the other hand, Theorem 2.2 and Lemma 1.4 show that ulG is (Sk+2' 
k+2 

dim 11 )-bounded. 
The result now follows easily from the fact that restriction to Gk+2 defines 

a continuous map Gn --- Rep Gk+2 and from Lemma 1.5. 0 
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